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A MONTE-CARL0 STUDY OF A SYSTEM OF ANISOMETRICALLY 
INTERACTING PARTICLES 

D.J. REYNOLnS,  A.  HOARE and M.C.  HOLMES 
School o f  Phys ics  and Astronomy, Lancash i re  P o l y t e c h n i c ,  
Preston, Lancs., U.K.  

A b s t r a c t  We r e p o r t  p r e l i m i n a r y  r e s u l t s  o f  a t h r e e  
dimensional  Monte-Carlo s tudy  o f  a system o f  an iso-  
m e t r i c a l l y  i n t e r a c t i n g  p a r t i c l e s  possessing bo th  
t r a n s l a t i o n a l  and o r i e n t a t i o n a l  freedom. A s imp le  
i n t e r a c t i o n  p o t e n t i a l  has been used t o  genera te  
e q u i l i b r i u m  values f o r  the  t r a n s l a t i o n a l  o r d e r  parameter 
i n  a d d i t i o n  t o  the long and s h o r t  range o r i e n t a t i o n a l  
o rder  parameters. 

INTRODUCTION 

I n  o rder  t o  eva lua te  the  thermodynamic parameters o f  a 

complex system such as a l i q u i d  c r y s t a l  i t  i s  necessary 

e i t h e r  t o  r e s o r t  t o  approximate a n a l y t i c a l  t h e o r i e s  o r  t o  

use computer s i m u l a t i o n .  

The use of Monte-Carlo techniques t o  i n v e s t i g a t e  systems 

o f  a n i s o m e t r i c  p a r t i c l e s  i s  n o t  new and has s u c c e s s f u l l y  

been c a r r i e d  o u t  i n  the p a s t  by the  use o f  l a t t i c e  s i t e  

models i n  which the  p a r t i c l e s  a re  a l l owed  o n l y  o r i e n t a t i o n a l  

freedom’. W h i l s t  these a re  e f f e c t i v e  a t  e v a l u a t i n g  the  long 

and s h o r t  range o r i e n t a t i o n a l  o r d e r  parameters they  a r e  

unable t o  o f f e r  any i n f o r m a t i o n  on the t r a n s l a t i o n a l  behav iour  

of such a system. A t h r e e  dimensional  model o f f e r i n g  b o t h  

o r i e n t a t i o n a l  and t r a n s l a t i o n a l  freedom t o  a f l u i d  o f  t h i n  

hard d i s c s  has bee used2 b u t  o n l y  the  o r i e n t a t i o n a l  

behaviour o f  the system was examined. 

Cur ren t  ideas o f  t he  smect ic-nematic t r a n s i t i o n  r e q u i r e  

t h a t  the s i g n i f i c a n t  t r a n s l a t i o n a l  o r d e r  o f  the  smect ic  phase 

113 

D
ow

nl
oa

de
d 

by
 [

T
om

sk
 S

ta
te

 U
ni

ve
rs

ity
 o

f 
C

on
tr

ol
 S

ys
te

m
s 

an
d 

R
ad

io
] 

at
 1

3:
13

 1
9 

Fe
br

ua
ry

 2
01

3 



I14 D. J .  REYNOLDS, A. HOARE AND M .  C.  HOLMES 

must van ish  when the nematic i s  en te red .  There fo re  any 

proposed model must s a t i s f y  t h i s  c r i t e r i a  i n  o r d e r  t o  be 

success fu l .  

The purpose o f  t h i s  paper i s  t o  r e p o r t  the p r e l i m i n a r y  

r e s u l t s  o f  a computer s i m u l a t i o n  o f  one thousand a n i s o m e t r i c  

p a r t i c l e s  possessing bo th  t r a n s l a t i o n a l  and o r i e n t a t i o n a l  

freedom i n t e r a c t i n g  v i a  a s imp le  i n t e r a c t i o n .  I n  a d d i t i o n  

der  parameter the  t r a n s l a t i o n a l  o rde r  

u3 ted  . 
t o  the o r i e n t a t i o n a l  o 

parameter has been eva 

THEORY 

I n  t h i s  s i m u l a t i o n  the method o f  M e t r o p o l i s  e t  a I 3  i s  used. 

Th is  method invo lves  the  use o f  random numbers t o  generate 

changes i n  p a r t i c l e  parameters, once a p a r t i c l e  has randomly 

changed i t s  c o n f i g u r a t i o n  the  new energy o f  t he  system i s  

c a l c u l a t e d .  I f  the energy i s  lowered then the  move i s  

accepted o the rw ise  i t  i s  s u b j e c t  t o  a Boltzmann energy 

c r i t e r i a :  

P ( x) =Aex p ( - B ( U f - U i ) ) 

where P(x) i s  the  p r o b a b i l  i t y  o f  move acceptance, 

U f  i s  the energy o f  the  f i n a l  s t a t e ,  

U i  i s  the  energy o f  the  i n i t i a l  s t a t e ,  

B has i t s  usual  meaning 

A i s  a n o r m a l i s i n g  cons tan t  

I n  p r a c t i c e  t h i s  i s  ach ieved by comparison o f  P(x) w i t h  a 

random number between ze ro  and u n i t y .  

The p o t e n t i a l  chosen t o  rep resen t  the  p a r t i c l e  

i n t e r a c t i o n  i s  o f  t he  type  used by McMi l l an  i n  h i s  mean f i e l d  

approach4: 

E .  = f ( r .  .)(P2(cos€I. . ) -d)  
I , j  ‘ B J  ‘ * J  

where E .  i s  the p a i r  p o t e n t i a l  between the p a r t i c l e s ,  
I , j  

r i s  t h e  c e n t r e  t o  c e n t r e  d i s tance ,  
i ,j 
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ANISOMETRICALLY INTERACTING PARTICLES 115 

d 

'i 
e l l i p s o  

s an i n t e r a c t i o n  cons tan t  f o r  the  s c a l a r  i n t e r a c t i o n  

i s  the  ang le  between the p r i n c i p l e  axes o f  the  
j 
ds. 

The form o f  f ( r )  chosen was C / r ,  t h i s  i s  because i t  i s  

s i m p l e s t  form o f  d i s tance  dependence t h a t  has the  d e s i r e d  

p r o p e r t y  o f  decrease w i t h  i nc reas ing  r .  

A s p h e r i c a l  exc luded volume has been used s o  f a r  because 

l i p s o i d  and i t  i s  in tended t o  use 

mate bo th  rods and d i s c s  i n  a s tudy  o f  

i t  i s  the  s i m p l e s t  e 

e l  1 i p s o i d s  t o  approx 

the e f f e c t  o f  shape. 

To c h a r a c t e r i  se the behav iour  o f  the  system we use t h r e e  

o r d e r  parameters: the s h o r t  range o r i e n t a t i o n a l  o r d e r  

parameter, <P2>, which i s  merely the  l o c a l  average o f  

P2(CosBi); the  long range o r i e n t a t i o n a l  o r d e r  parameter,  S ,  

i s  mere ly  the  average o f  the  l o c a l  d i r e c t o r s ;  and the  

t r a n s l a t i o n a l  o rde r  parameter, T, i s  g i ven  by the  

below: 

T=<cos (Zlrz/d) > 

where z i s  the  d i s tance  a long  the z a x i s  ( p a r a l l e  

exp ress ion  

t o  n) 

d i s  t he  s t a t i s t i c a l  average l a y e r  repeat  u n i t .  

Exper imental  and Resu l ts  

I n i t i a l l y  i t  was decided t o  s e t  bo th  the  exc luded volume 

and t h e  s c a l a r  component o f  the i n t e r a c t i o n  p o t e n t i a l  t o  

z e r o  and us ing  an a r b i t r a r y  i n t e r a c t i o n  cons tan t  o f  C=50.0 

i n v e s t i g a t e  t h e  behav iour  o f  the  o r d e r  parameters w i t h  

temperature.  I t  can be seen from F igu re  1 .  t h a t  t he  long 

range o r i e n t a t i o n a l  o r d e r  parameter decreases s l o w l y  a t  low 

temperature and e x h i b i t s  a sharp t r a n s i t i o n  to an i s o t r o p i c  

phase w i t h  % 0 . 1  a t  10KT. The s h o r t  range o r i e n t a t i o n a l  

o rde r  parameter shows a s igmoid  behav iour  assoc ia ted  w i t h  

the  t r a n s i t i o n  reach ing  a p l a t e a u  va lue  o f  -0.35 i n  the 
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1 I6 D.  I. REYNOLDS. A.  HOARE AND M .  C .  HOLMES 

i s o t r o p i c  phase. T h i s  p l a t e a u  va lue  i n d i c a t e s  t h a t  

cons ide rab le  s h o r t  range c o r r e l a t i o n  e x i s t s  i n  the i s o t r o p i c  

phase. 

The t r a n s l a t i o n a l  o r d e r  parameter does n o t  e x h i b i t  and 

temperature dependence remains cons tan t  a t  0.03.  

S 
3 i 

I A 

I 

QOOOQOQOQOQ @ 4 , , , A ,  
E 2 t 6 8 10 12 1 4  16 18 28 22 24 26 

Ternpereture/KT 

Figure 1 .  

Having determined t h a t  the  o r i e n t a t i o n a l  behav iour  o f  

the system was reasonably c o n s i s t e n t  w i t h  f i x e d  s i t e  l a t t i c e  

s i m u l a t i o n s  i t  was decided t o  i n t roduce  an exc luded volume 

i n  an a t tempt  to induce t r a n s l a t i o n a l  phase behav iour .  A 5  

can be seen from F igu re  2 .  w i t h  a volume f r a c t i o n  of 0 . 2 7  

the  t r a n s l a t i o n a l  o r d e r  i s  cons ide rab ly  improved b u t  t he re  

i s  aga in  no temperature dependence nor does t h i s  s i t u a t i o n  

improve w i t h  an inc rease i n  volume f r a c t i o n  t o  0 .40 .  
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A T 0 P VoL h m c  0 0  

T 0 P V a l  h a c  0 2 7  

r 0 P VOL t r s c  0 4  

1 I7 

0 

m 

Figure 2 .  

I t  was now e v i d e n t  t h a t  a s c a l a r  component i s  r e q u i r e d  t o  

g i v e  a temperature dependence t o  the t r a n s l a t i o n a l  o r d e r  of 

the system. With  i t s  a d d i t i o n  t o  the i n t e r p a r t i c l e  p o t e n t i a l  

i t  can be seen t h a t  a small b u t  d e f i n i t e  s t e p  change occurs  

a t  2KT w i t h  the  t r a n s l a t i o n a l  o rde r  parameter d ropp ing  f r o m  

0 . 1 0 4  t o  0.061 over a range of  l K T ,  see F i g u r e  3 .  
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118 D.  1. REYNOLDS, A. HOARE AND M. C. HOLMES 

A 

0 

0 A 

A A  
E! 1 2  3 4 5 6 7 8 9 7 0  

a 2 1 . B . d  
Temperature/KT 

F igure  3 .  

Conclusion 

The r e s u l t s  so f a r  ob ta ined  from t h i s  s i m u l a t i o n  i n d i c a t e  

t h a t  i t  i s  p o s s i b l e  t o  o b t a i n  a ' s rnec t i c '  phase behav iour .  

The phases ob ta ined  a re  crude analogues o f  a low temperature 

smect ic phase e x h i b i t i n g :  a h i g h  o r i e n t a t i o n a l  o rde r  and 

s i g n  i f i can t  t r a n s  l a t i  onal  o r d e r ;  an i n te rmed ia te  nernat i c 

phase w i t h  h i g h  o r i e n t a t i o n a l  o r d e r  and no s i g n i f i c a n t  

t r a n s l a t i o n a l  o rde r ;  and an i s o t r o p i c  phase possessing no 

long range o r i e n t a t i o n a l  o rde r  o r  t r a n s l a t i o n a l  o r d e r  b u t  

s t i  1 1  possessed o f  cons ide rab le  s h o r t  range o r i e n t a t i o n a l  

c o r r e l a t i o n  i n d i c a t i v e  o f  nemat ic c l u s t e r s .  

However, the t r a n s l a t i o n a l  o r d e r  i s  s t i l l  v e r y  low even 
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ANISOMETRICALLY INTERACTING PARTICLES I19 

a t  low temperature and w h i l e  i t  i s  expected t h a t  i t  w i l l  

i nc rease as the  t r a n s l a t i o n a l  i n t e r a c t i o n  cons tan t  i s  

inc reased t h i s  has n o t  y e t  been tes ted .  Also the  e f f e c t s  o f  

excluded volume and shape have n o t  y e t  been i n v e s t i g a t e d  and 

i t  i s  expected t h a t  these f a c t o r s  w i l l  s i g n i f i c a n t l y  a l t e r  

the  behaviour o f  the sample. 
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